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Abstract. We determine the root system of the automorphism group of a 
complete variety with a torus action of complexity one. 



1. Introduction 

Dcmazurc [5] and Cox [3] investigated the automorphism group of a complete 
normal toric variety and gave a description of the root system in terms of the 
defining combinatorial data, i.e. the fan. The aim of this article is to extend these 
results to the more general case of a normal complete rational variety X coming 
with an effective torus action T x X — > X of complexity one, i.e. the dimension of T 
is one less than that of X. 

Our approach to the automorphism group of X goes via the Cox ring TZ(X) which 
can be defined for any normal complete variety with finitely generated divisor class 
group Cl(X). The presence of the complexity one torus action implies that 7Z(X) 
is of a quite special nature: generators, relations as well as the Cl(X)-grading can 
be encoded in a sequence A = ag , . . . , a r of pairwise linearly independent vectors in 
K 2 and an integral matrix 



P 



— Iq l\ 

-la 
do di 





l r 
d r d' 



of size (n + m) x (r + s), where U are nonnegative integral vectors of length n^, the 
di are sxij; blocks, d' is an s x m block and the columns of P are pairwise different 
primitive vectors generating the column space Q r+S as a convex cone. Conversely, 
the data A, P always define a Cox ring 1Z(X) = R(A, P) of a complexity one T- 
variety X . The dimension of X equals s + 1 and the acting torus T has I s as its 
character lattice. The matrix P determines the grading and the exponents occuring 
in the relations, whereas A is responsible for continuous aspects. For details, we 
refer to Section [3] and the original literature [9J [10] . 

The crucial notion for the investigation of the automorphism group Aut(X) are 
the Demazure P-roots, see Definition 15.11 Roughly speaking, these are finitely 
many integral linear forms u on Z r+S satisfying a couple of linear inequalities on 
the columns of P. In particular, given P. the Dcmazurc P-roots can be easily 
determined. Our main result expresses the root system of the automorphism group 
Aut(X) and, moreover, the approach shows how to obtain the corresponding root 
subgroups, see Theorem 15.41 and Corollary 15.101 for the precise formulation: 

Theorem. Let X be a nontoric normal complete rational variety with an effective 
torus action TxI->I of complexity one. Then Aut(X) is a linear algebraic 
group having T as a maximal torus and the roots of Aut(X) with respect to T are 
precisely the X s -parts of the Demazure P-roots. 
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The basic idea of the proof is to relate the group Aut(X) to the group of graded 
automorphisms of the Cox ring. This is done in Section [5] more generally for ar- 
bitrary Mori dream spaces, i.e. normal complete varieties with a finitely generated 
Cox ring 1Z(X). In this setting, the grading by the divisor class group C1(X) defines 
an action of the characteristic quasitorus Hx = Spec 1K[C1(A)] on the total coordi- 
nate space X = SpcclZ(X) and X is the quotient of an open subset XCIby the 
action of Hx- The group of Cl(X)-graded automorphisms of TZ(X) is isomorphic 
to the group Aut(X,H x ) of iTjf-equivariant automorphisms. Moreover, the group 
Bir2(X) of birational automorphisms of X defined on an open subset of X having 
complement of codimension at least two plays a role. Theorem 12 . 1 1 brings all groups 
together: 

Theorem. Let X be a Mori dream space. Then there is a commutative diagram 
of morphisms of linear algebraic groups where the rows are exact sequences and the 
upwards inclusions are of finite index: 

1 H x Aut(A, H x ) * Bir 2 (A) 1 



1 H x > Aut(A, H x ) Aut(X) ^ 1 

This means in particular that the unit component of Aut(A) coincides with that 
of Bir2(A) which in turn is determined by Aut(A, Hx), the group of graded auto- 
morphisms of the Cox ring. Coming back to rational varieties X with torus action 
of complexity one, the task then is a detailed study of the graded automorphism 
group of the rings TZ(X) = R(A,P). This is done in a purely algebraic way. The 
basic concepts are provided in Section [3] The key result is the description of the 
"primitive homogeneous locally nilpotcnt derivations" on R(A, P) given in Theo- 
rem 14.31 The proof of the main theorem in Section [5] then relates the Dcmazurc 
P- roots via these derivations to the roots of the automorphism group Aut(A"). 

In Section [6] we apply our results to the study of almost homogeneous (possibly 
singular) Mori dream surfaces X , i.e. complete normal surfaces with a finitely gener- 
ated Cox ring such that Aut(X) has an open orbit in X. Such a surface X is either 
toric, or Aut(A') is unipotent, or the maximal torus of Aut(A) is of dimension one, 
see Proposition 16.11 We consider the latter setting and take a closer look to the 
case of Picard number one. It turns out that these surfaces are always (possibly 
singular) del Pezzo surfaces and, up to isomorphism, there are countably many of 
them, see Corollary 16.41 Finally in the case that X is log terminal with only one 
singularity, we give classifications for fixed Gorenstein index. 
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2. The automorphism group of a Mori dream space 

Let X be a normal complete variety defined over an algebraically closed field 
K of characteristic zero with finitely generated divisor class group C1(A) and Cox 
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sheaf 1Z; we recall the definition below. If X is a Mori dream space, i.e. the Cox ring 
1Z(X) = T(X,1Z) is finitely generated as a K-algebra, then we obtain the following 
picture 

Spec x 7e = X c X = SpecK(X) 

//Hx 

X 

where the total coordinate space X comes with an action of the characteristic qu- 
asitorus Hx '■= SpccK[Cl(A)], the characteristic space X, i.e. the relative spec- 
trum of the Cox sheaf, occurs as an open iJx-invariant subset of X and the map 
px '■ X — > X is a good quotient for the action of Hx ■ 

We study automorphisms of X in terms of automorphisms of X and X. By an 
Hx-equivariant automorphism of X we mean a pair (ip, ip), where ip: X — > X is an 
automorphism of varieties and tp : Hx —y Hx is an automorphism of linear algebraic 
groups satisfying 

(p(t-x) — tp(t)-(p(x) for all x € X, tGHx- 

We denote the group of -f/jf-equivariant automorphisms of X by Aut(X, Hx)- Anal- 
ogously, one defines the group Aut(A", Hx) of ii/jf-equivariant automorphisms of X. 
A weak automorphism of X is a birational map ip : X — > X which defines an isomor- 
phism of big open subsets, i.e., there are open subsets U\,U2 C X with complement 
X \Ui of codimension at least two in X such that ip\u 1 : U\ — >■ U2 is a regular 
isomorphism. We denote the group of weak automorphisms of X by Bir2(A). 

Theorem 2.1. Let X be a Mori dream space. Then there is a commutative diagram 
of morphisms of linear algebraic groups where the rows are exact sequences and the 
upwards inclusions are of finite index: 

1 H x Aut(A, H x ) Bir 2 (A) 1 

1 H x >■ Aut(X, Hx) >■ Aut(X) ^ 1 

Moreover, there is a big open subset [/CI with Aut(f7) = Bh'2(A) and the 
groups Aut(X, Hx), Bir2(X) ; Aut(X , Hx), Aut(A) act morphically on X, U, X, 
X, respectively. 

Our proof uses some ingredients from algebra which we develop first. Let K be a 
finitely generated abclian group and consider a finitely generated integral K-algcbra 

R = 0^. 

weK 

The weight monoid of R is the submonoid S C K consisting of the elements w E K 
with R w 0. The weight cone of R is the convex cone uj C Kq in the rational 
vector space Kq = K g)z Q generated by the weight monoid S C K. We say that 
the -ftT-grading of R is pointed if the weight cone lo C Kq contains no line and 
Rq = IK holds. By an automorphism of the if-graded algebra R we mean a pair 
(ip,F), where ip: R — > R is an isomorphism of K-algebras and F: K — > K is an 
isomorphism such that ip(R w ) = i?F(tu) holds for all w € K. We denote the group 
of these automorphisms of R by Aut(i?, K). 
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Proposition 2.2. Let K be a finitely generated abelian group and R = ® w ^kRw 
a finitely generated integral K-algebra with R* = K*. Suppose that the grading is 
pointed. Then Aut(i?, K) is a linear algebraic group over K. and R is a rational 
Aut(i?, K)-module. 

Proof. The idea is to represent the automorphism group Aut(R,K) as a closed 
subgroup of the linear automophism group of a suitable finite dimensional vector 
subspacc V° C R. In the subsequent construction of V°, we may assume that the 
weight cone uj generates as a vector space. 

Consider the subgroup T C Aut(A') of Z- module automorphisms K — > K such 
that the induced linear isomorphism Kq — > Kq leaves the weight cone ui C Kq 
invariant. By finite generation of R, the cone ui is polyhedral and thus T is finite. 
Let f\, . . . , f r £ R be homogeneous generators and denote by to, := dcg(/i) 6 K 
their degrees. Define a finite F-invariant subset and a vector subspace 

S° := r-{w u ...,w r }C K, V° := R^ C R. 

For every automorphism (ip,F) of the graded algebra R, we have F(S°) = S° 
and thus tfj(V°) — V°. Moreover, (ip,F) is uniquely determined by its restriction 
on V°. Consequently, we may regard the automorphism group H := Aut(R,K) as 
a subgroup of the general linear group GL (V°). Note that every g e H 

(i) permutes the components R w of the decomposition V° = Q) w£ s° R- w ' 

(ii) satisfies J2 V ^gifiT 1 ' ■ ■ ff(/r)" r = for any relation a u f^ ■ ■ ■ ff r = 0. 
Obviously, these are algebraic conditions. Moreover, every g £ GL (V°) satisfying 
the above conditions can be extended uniquely to an element of Aut(i?, K) via 

.9 (l>/r ■ == E fl ^(/l) i/1 • ■■9(frY r . 

Thus, we saw that H C GL (V°) is precisely the closed subgroup defined by the 
above conditions (i) and (ii). In particular H = Aut(R,K) is linear algebraic. 
Moreover, the symmetric algebra SV° is a rational GL (V°)-module, hence SV° is 
a rational -ff-module for the algebraic subgroup H of GL (V°), and so is its factor 
module R. □ 

Corollary 2.3. Let K be a finitely generated abelian group and R = ® w gkRw a 
finitely generated integral ^-algebra with R* = K* and consider the corresponding 
action of H := SpecK[i4T] on X := Speci?. Then we have a canonical isomorphism 

Aut(X,H) Aut(R,K), (tp,<p) H- (<p*,<p*), 

where <p* is the pullback of regular functions and </?* the pullback of characters. If the 
K-grading is pointed, then Aut(X, H) is a linear algebraic group acting morphically 
on X . 

We will also need details of the construction of the Cox sheaf 1Z on X which 
we briefly recall now. Denote by c: WDiv(A) — > C1(A) the map sending the Weil 
divisors to their classes, let PDiv(X) = ker(c) denote the group of principal divisors 
and choose a character, i.e. a group homomorphism x- PDiv(A) — > K(A)* with 

div( X (E)) = E, for all E £ PDiv(A). 

This can be done by prescribing \ suitably on a Z-basis of PDiv(A); see [13] for 
the existence of such a basis. Consider the associated sheaf of divisorial algebras 

S := S D , S D := O x {D). 

WDiv(A') 

Denote by T the sheaf of ideals of S locally generated by the sections 1 — x(E), 
where 1 is homogeneous of degree zero, E runs through PDiv(A) and x(E) is 
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homogeneous of degree —E. The Cox sheaf associated to K and x is the quotient 
sheaf 1Z := S/X together with the Cl(A)-grading 

K = n [D] , TZ [D] := nl S D , 

[D]6C1(A') \D>ec-H[D\) 

where 7r : S — > 1Z denotes the projection. The Cox sheaf 7Z is a quasicoherent sheaf 
of Cl(A)-graded Ox-algebras. The Cox ring is the ring 1Z(X) of global sections of 
the Cox sheaf. 

Proof of Theorem \2.1\ We set G^- := Aut(X , Hx) for short. According to Corol- 
lary [531 the group is linear algebraic and acts morphically on X. Looking at 
the representations of Hx and Gy on T(X, O) = TZ{X) defined by the respective 
actions, we see that the canonical inclusion Hx — > Gy is a morphism of linear 
algebraic groups. 

Next we construct the subset U C X from the last part of the statement. Con- 
sider the translates g-X, where g G Gy. Each of thorn admits a good quotient with 
a complete quotient space: 

p x , g :g-X -> (g-X)//H x . 

By [3], there are only finitely many open subsets of X with such a good quotient. 
In particular, the number of translates g-X is finite. 

Let W C X denote the maximal open subset such that the restricted quotient 
W — > W, where W := p x 1 (W), is geometric, i.e. has the iJx-orbits as its fibers. 
Then, for any g £ G-^, the translate g-W C g-X is the (unique) maximal open subset 
which is saturated with respect to the quotient map px, g and defines a geometric 
quotient. Consider 

U := f] g-W C X. 

By the preceding considerations U is open, and by construction it is G-y-invariant 
and saturated with respect to px- By [TJ Prop. 6.1.6] the set W is big in X. 
Consequently, also U is big in X. Thus, the (open) set U := px{U) is big in X. 
By the universal property of the geometric quotient, there is a unique morphical 
action of G^ on U making px ■ U — > U equivariant. Thus, we have homomorphism 
of groups 

G x Aut([/) C Bir 2 (X). 

We show that G^ — > Bir2(X) is surjective. Consider a weak automorphism 
ip : X —> X . The pullback defines an automorphism of the group of Weil divisors 

Lp*: WDiv(X) WDivpO, D ^ ip*D. 

As in the construction of the Cox sheaf, consider the sheaf of divisorial algebras 
S = ®<Sd associated to WDiv(A) and fix a character x- PDiv(A) — > K(X)* with 
drv(x(E)) = E for any E G PDiv(A). Then we obtain a homomorphism 

a: PDiv(A) -> K* , E^^&-. 

We extend this to a homomorphism a: WDiv(A) — > K* as follows. Write Cl(X) 
as a direct sum of a free part and cyclic groups ri,...,r s of order rz.j. Take 
D\, . . . , D r G WDiv(A) such that the classes of Di, . . . , D s are generators for 
Ti, . . . , r s and the remaining ones define a basis of the free part. Set 



a(Di) := n i/a(mDi) for 1 < i < s, ct(A) := 1 for s + 1 < i < r. 
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Then one directly checks that this extends a to a homomorphism WDiv(A") — > K*. 
Using a(E) as a "correction term", we define an automorphism of the graded sheaf 
S of divisorial algebras: for any open set V C X we set 

tp*:T(V,S D ) -> r(ip- l {V),S^ D) ), f -> a(D)fotp. 

By construction tp* sends the ideal I arising from the character \ to itself. Conse- 
quently, tp* descends to an automorphism (tp, F) of the (graded) Cox sheaf 1Z; note 
that F is the pullback of divisor classes via tp. The degree zero part of i/j equals the 
usual pullback of regular functions on X via tp. Thus, the element in Aut(X, Hx) 
defined by Spec tp: U — ► U maps to p. 

Clearly, Hx lies in the kernel of 7r: G^r — > Bh - 2(X). For the reverse inclusion, 
consider an element g G ker(7r). Then g is a pair (tp, tp) and, by the construction of 
7r, we have a commutative diagram 

f 




id 

In particular, tp stabilizes all iix-invariant divisors. It follows that the pullback 
p* on T(U, O) = 1Z(X) stabilizes the homogeneous components. Thus, for any 
homogeneous / of degree w, we have p*{f) = A(w)/ with a homomorphism A: K — ► 
K*. Consequently ip(x) — h-x holds with an element h 6 Hx- The statements 
concerning the upper sequence are verified. 

Now, consider the lower sequence. Since X is big in X, every automorphism 
of X extends to an automorphism of X. We conclude that Aut(X,Hx) is the 
(closed) subgroup of leaving the complement X \ X invariant. As seen before, 
the collection of translates Gj^ ■ X is finite and thus the subgroup Aut(X,Hx) of 
Gj( is of finite index. Moreover, lifting cp £ Aut(X) as before gives an element of 
Aut(X, Hx) leaving X invariant. Thus, Aut(X, Hx) — > Aut(X) is surjective with 
kernel Hx- By the universal property of the qood quotient X — > X, the action of 
Aut(X) on X is morphical. □ 

Corollary 2.4. The automorphism group Aut(A) of a Mori dream space X is 
linear algebraic and acts morphically on X. 

Corollary 2.5. If two Mori dream spaces are isomorphic in codimension two, then 
the unit components of their automorphism groups are isomorphic to each other. 

Let CAut(X, Hx) denote the centralizer of Hx in the automorphism group 
Aut(X). Then CAut(X , Hx) consists of all automorphisms <p: X X satisfy- 
ing _ 

p(t-x) = t-<p(x) for all x € X, t € Hx- 
In particular, we have CAut(AT, Hx) Q Aut(X, Hx)- The group CAut(A, Hx) may 
be used to detect the unit component Aut(X) of the automorphism group of X. 

Corollary 2.6. Let X be a Mori dream space. Then there is an exact sequence of 
linear algebraic groups 

1 H x >■ CAut(A, H x )° >■ Aut(A) ^ 1. 

Proof. According to [21 Cor. 2.3], the group CAut(AT, Hx)° leaves X invariant. 
Thus, we have CAut(X, H x )° Q Aut(X , H x ) and the sequence is well defined. 
Moreover, for any tp G Aut(A') , the pullback tp* : C\(X) —5- Cl(X) is the identity. 
Consequently, tp lifts to an element of CAut(X,Hx)- Exactness of the sequence 
thus follows by dimension reasons. □ 
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Corollary 2.7. Let X be a Mori dream space. Then, for any closed subgroup 
F C Aut(A) , there is a closed subgroup F' C CAut(X, Hx) such that the induced 
map F' — > F is an epimorphism with finite kernel. 

Corollary 2.8. Let X be a Mori dream space such that the group CAut(A, Hx) is 
connected, e.g. a toric variety, then there is an exact sequence of linear algebraic 
groups 

1 >- H x *- CAut(A, H x ) Aut(A) 1. 

Example 2.9. Consider the nondegenerate quadric X in the projective space P„+i, 
where n > 4 is even. Then the Cox ring of X is the Z-gradcd ring 

K(X) = K[T ,...,T n+1 ]/(T*+...+TZ +1 ), dcg(To) = ... = dcg(T„ +1 ) = 1. 

The characteristic quasitorus is Hx = K*. Moreover, for the equi variant automor- 
phisms and the centralizer of Hx we obtain 

Aut(X,H x ) = CAut(X,H x ) = K*E n+2 -O n+2 . 

Thus, CAut(A,7?x) has two connected components. Note that for n = 4, the 
quadric X comes with a torus action of complexity one. 

3. Rings with a factorial grading of complexity one 

Here we recall the necessary constructions and results on factorially graded rings 
of complexity one and Cox rings of varieties with a torus action of complexity one 
from [9] . The main result of this section is Proposition 13.51 which describes the 
dimension of the homogeneous components in terms of the (common) degree of the 
relations. As before, we work over an algebraically closed held K of characteristic 
zero. 

Let K be an abelian group and R = (BkRw a A'-gradcd algebra. The grading 
is called effective if the weight monoid S of R generates A as a group. Moreover, 
we say that the grading is of complexity one, if it is effective and dim(A'Q) equals 
dim(i?) — 1. By a K -prime element of R we mean a homogeneous nonzero nommit 
/ G R such that / | gh with homogeneous g, h G R implies / | g or / | h. We 
say that R is factorially K-graded if every nonzero homogeneous nonunit of R is a 
product of A-primcs. 

Construction 3.1. See Section 1]. Fix r G Z>i, a sequence uq, . . . , n r G Z>i, 
set n := riQ + . . . + n r and let m G Z>o- The input data are 

• a matrix A :— [ao, ■ ■ ■ , a r ] with pairwise linearly independent column vec- 
tors ao, . . . , a r G K 2 , 

• an integral r x (n + m) block matrix Pq = (Lo,0), where Lq is a r x n 
matrix build from tuples li := (In, . . . , li ni ) G Z™^ as follows 



In 



-l h ... 



— In ... l r 



Consider the polynomial ring K[T^*, Sk] in the variables T^-, where < i < r, 
1 < j < and where 1 < k < m. For every < i < r, define a monomial 

1 i ■— 1 il ' ' ' 1 in i ■ 

Denote by 3 the set of all triples I = (i\, 12, 13) with < i\ < i 2 < 13 < r and define 
for any / G 3 a trinomial 

rplii npli-z rplis 

gi := det »i '2 i 3 
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Let P * denote the transpose of P . We introduce a grading on ~K[Tij,Sk] by the 
factor group K := Z n+m /im{P*). Let Q : % n+m K be the projection and set 

deg(Tij) := Wij := Qo(ey), deg(T fc ) := w k := Q (e k ), 

where £ Z n+m , for < i < r, 1 < j < rij, and € Z n+m , for 1 < fc < m, are 
the canonical basis vectors. Note that all the gi are if -homogeneous of degree 

fl := l lW 01 + . . . + lo no W 0no = ... = l rl W rl + . . . + lrnr w rn r G K . 

In particular, the trinomials gi generate a Po-homogeneous ideal and thus we obtain 
a Po-graded factor algebra 

P(A,P ) := K[T y> S fc ] / (.?/; J G 3). 

Theorem 3.2. See [9[ Theorems 1.1 and 1.3]. W^it/i the notation of Construc- 
tion \3.1\. the following statements hold. 

(i) The Ko-grading of ring R{A, Po) is effective, pointed, factorial and of com- 
plexity one. 

(ii) The variables Tij and Sk define a system of pairwise nonassociated Kq- 
prime generators of R(A,Pq). 

(hi) Every finitely generated normal "K-algebra with an effective, pointed, facto- 
rial grading of complexity one is isomorphic to some R(A,P ). 

Note that in the case r = 1, there are no relations and the theorem thus treats 
the effective, pointed gradings of complexity one of the polynomial ring. 

Example 3.3 (The P 6 -singular cubic I). Let r = 2, no = 2, n\ = n 2 = 1, ra = 
and consider the data 



A = 



-1 1 

1 -1 



-Po — L Q 



-1-3 3 
-1-3 2 



Then we have exactly one triple in 3, namely I — (1, 2, 3), and, as a ring, R(A, Po) 
is given by 

R(A, P ) = K[T 01 ,T 02 ,T n ,T 21 ] / (T Q1 T* 2 + T» + I*). 

The grading group P'o = Z 4 /im(P *) is isomorphic to 1? and the grading can be 
given explicitly via 

dcg(T 01 ) = (~\\, dcg(T 4 



deg(T n ) = ( ° ) , deg(T 21 ) = ( ° 

Recall that for any integral ring R = ®kRw graded by an abelian group P, one 
has the subfield of degree zero fractions inside the field of fractions: 

Q(R)o = f,g e R homogeneous, g ^ 0,dcg(/) = dcg(g) | C Q(R). 

Proposition 3.4. Tafce an?/ i,j with i ^ j and < i,j < r. TTien i/ie /ieZd o/ 
degree zero fractions of the ring R(A, Pq) is the rational function field 

Q(R(A,P ))o = 

Proof. It suffices to treat the case m — 0. Let P = J| Py be the product of all 
variables. Then T ra = KjJ. is the n-torus and Po defines an cpimorphism having the 
quasitorus Po '■— SpccK[Po] as its kernel 

tt:T 1 -> T r , (Uj) ^ 
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Set X := Spec R(A, P ). Then ir(Xp) = Xp/H is a curve defined by affinc linear 
equations in the coordinates of T r and thus rational. The assertion follows. □ 

The following observation shows that the common degree fi = deg(<?/) of the 
relations generalizes the "remarkable weight" introduced by Panyushev [12] in the 
factorial case. Recall that the weight monoid So Q -Kb consists of all w G Kq 
admitting a nonzero homogeneous element. 

Proposition 3.5. Consider the K^-graded ring R :— R(A, Pq) and the degree fi — 
dcg(gi) of the relations as defined in \3.1l For w G So let s w G Z>o be the unique 
number with w — s w fi G So and w — (s w + g 1 So- Then we have 

dim(i? lu ) = s w + 1 for all w G So- 

The element /i G K is uniquely determined by this property. We have dim(ii„) = 2 
and any two nonproportional elements in R^ are coprime. Moreover, any w G So 
with w — pi ^ So satisfies dim(i? u ,) = 1. 

Proof. According to Proposition ^. 41 the field Q(R)o of degree zero fractions is the 
field of rational functions in Pi/po, where po '■= T ° and p\ := T^ 1 are coprime and 
of degree p. Moreover, by the structure of the relations gi, we have dim(i? Al ) = 2. 

Now, consider w G So- If we have dim(R w ) = 1, then dim(i? /J ) = 2 implies s w = 
and the assertion follows in this case. Suppose that we have dim(i?. UJ ) > 1. Then 
we find two nonproportional elements /o,/i G R w and two coprime homogeneous 
polynomials Fq, Fi of a common degree s > such that 

fi FjXp^pi) 

fo Fq(po,Pi)' 

Observe that Fi(po,pi) must divide f\. This implies w — s/i G So- Repeating 
the procedure with w — sfi and so on, we finally arrive at a weight w = w — s w /j 
with dim(i?^) = 1. Moreover, by the procedure, any element of R w is of the form 
hF(po,pi) with 7^ h G R$ and a homogeneous polynomial F of degree s w . The 
assertion follows. □ 

Corollary 3.6. If we have r > 2 and In + . . . + h ni > 2 holds for all i, then the 
homogeneous components R Wi . , R Wk of the generators Tij, Sk of the Ko-graded ring 
R := R{A, Po) are all of dimension one. 

We turn to Cox rings of varieties with a complexity one torus action. They are 
obtained by suitably downgrading the rings R(A, Po) as follows. 

Construction 3.7. Fix r G Z>i, a sequence no, ...,n r G Z>i, set n := no+. . .+n r , 
and fix integers m G Z>o and 0<s<n + m — r. The input data are 

• a matrix A := [ao, ■ ■ ■ , a r ] with pairwise linearly independent column vec- 
tors ao,. . .,a r G K 2 , 

• an integral block matrix P of size (r + s) x (n + m) the columns of which 
are pairwise different primitive vectors generating Q r+S as a cone: 

Lo 
d d' 



P 



where d is an (s x n)-matrix, d' an (s x m)-matrix and Lo an (r x n)-matrix 
build from tuples k := (la, . . . , k ni ) G Z™\ as in 13. II 

Let P* denote the transpose of P, consider the factor group K := Z" +m /im(P*) 
and the projection Q : Z n+m — > K . We define a X-grading on K[Tjj , 5^] by setting 

dcg(I y -) := Q(e„), dcg(5 fc ) := Q(e k ). 

The trinomials gi of 13.11 are X-homogeneous, all of the same degree. In particular, 
we obtain a if -graded factor ring 

R{A,P) := K[T i:j ,S k ; < i < r, 1 < j < n t ,l < k < m] / (gr, I G 3). 
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Theorem 3.8. See [HI Theorem 1.4]. With the notation of Construction \3. 7[ the 
following statements hold. 

(i) The K -grading of the ring R(A, P) is factorial, pointed and almost free, 
i.e. K is generated by any n — m — 1 of the dcg(Tij), deg(Tfc). 

(ii) The variables Tij and Sk define a system of pairwise nonassociated K- 
prime generators of R(A,P). 

Remark 3.9. As rings R(A,Pq) and R(A,P) coincide but the Ao-grading is finer 
than the A-grading. The downgrading map Kq — > K fits into the following com- 
mutative diagram built from exact sequences 



1 

Z s 
\ . I 

Pa i Qo * 

^ Z r Z n+m K 

\ II I 

^ Z r+S »- Z"+ m =~ K 

\ Q t 

Z s 

1 



The snake lemma [HI Sec. III. 9] allows us to identify the direct factor Z s of Z r+S 
with the kernel of the downgrading map Kq — > K. Note that for the quasitori T, 
Hq and H associated to abelian groups Z s , Kq and K we have T = Hq/H. 

Construction 3.10. Consider a ring R(A,P) with its if-grading and the finer 
ito-grading. Then the quasitori H = SpecK[A'] and Hq := SpccK[A'o] act on 
X := Spec R(A,P). Let X C X be a big i/o-mvariant open subset with a good 
quotient 

p: X -> X = X//H 

such that X is complete and for some open set U C X, the inverse image p _1 (?7) C 
X is big and H acts freely on U. Then X is a Mori dream space of dimension s + 1 
with divisor class group C\{X) = K and Cox ring 1Z(X) = R(A,P). Moreover, X 
comes with an induced effective action of the s-dimcnsional torus T := Hq/H. 

Theorem 3.11. Let X be an n-dimensional complete normal rational variety with 
an effective action of an (n — I) -dimensional torus S. Then X is equivariantly 
isomorphic to a T -variety arising from data (A, P) as in \3.10\ 

Proof. We may assume that X is not a toric variety. According to (9J Theorem 1.5], 
the Cl(A)-graded Cox ring of X is isomorphic to a A-graded ring R(A, P). Thus, in 
the notation of 13. 101 there is a big H -invariant open subset A of A with A = X//H. 
Applying [TU Cor. 2.3] to a subtorus To C Hq projecting onto T = Hq/H, we see 
that A is even invariant under Hq. Thus, T acts on A. Since the T-action is 
conjugate in Aut(A) to the given S'-action on A, the assertion follows. □ 

Example 3.12 (The ^-singular cubic II). Let r = 2, no = 2, n\ = = 1, m = 0, 
s = 1 and consider the data 



A 



-1 1 

1 -1 



P = 



-1-3 3 
-1-3 2 
-1-2 11 
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Then, as remarked before, we have exactly one triple / — (1,2,3) and, as a ring, 
R(A, P) is given by 

R(A, P) = K[Toi,T 2,Tii,Tai] / (T iT 3 2 + + I*>. 

The grading group K = Z /im(P*) is isomorphic to Z and the grading can be given 
explicitly via 

deg(Toi) = 3, dcg(T 02 ) = 1, dcg(Tn) = 2, dcg(T 21 ) = 3. 

As shown for example in [5J Example 3.7], the ring R(A,P) is the Cox ring of the 
E^-singular cubic surface in the projective space given by 

X = V{ Zl zl + z 2 z 2 + 4) C P 3 . 

4. Primitive locally nilpotent derivations 

Here, we investigate the homogeneous locally nilpotent derivations of the Ag- 
graded algebra R(A,Pq). The description of the "primitive" ones given in Theo- 
rem 14.31 is the central algebraic tool for our study of automorphism groups. As 
before, K is an algebraically closed field of characteristic zero. 

Let us briefly recall the necessary background. We consider derivations on an 
integral K-algcbra R, that means K-linear maps 8: R —> R satisfying the Leibniz 
rule 

S(fg) = S(f)g + /%). 

Any such 8: R — > R extends uniquely to a derivation 8: Q(R) — > Q(R) of the 
quotient field. Recall that a derivation 8 : R — > R is said to be locally nilpotent if 
for every / £ R there is an n £ N with 8 n (f) = 0. Now suppose that R is graded 
by a finitely generated abclian group: 

R = Rw 

w£K 

A derivation 5: R — > R is called homogeneous if for every w £ K there is a w' £ K 
with S(R W ) C R w i. Any homogeneous derivation 8 : R — > R has a degree deg(8) £ K 
satisfying 8{R W ) C R w+ deg(S) f° r ai l w £ K. 

Definition 4.1. Let A be a finitely generated abelian group, R = ®kRw a K- 
graded K-algebra and Q(R)o Q Q(R) the subfield of all fractions f/g of homoge- 
neous elements f,g £ R with deg(/) = deg(g). 

(i) We call a homogeneous derivation 8: R — »• R primitive if deg(<5) does not 
lie in the weight cone uj C Aq of R. 

(ii) We say that a homogeneous derivation 8: R — > R is of vertical type if 
S(Q(R)q) = holds and of horizontal type otherwise. 

Construction 4.2. Notation as in Construction 13 . 1 1 We define derivations of the 
A'o-graded algebra R(A,Pq) constructed there. The input data are 

• a sequence C = (co, . . . , c r ) with 1 < Cj < n,, 

• a vector f3 £ K r+1 lying in the row space of the matrix [ao, . . . , a r ]. 
Note that for ^ j3 as above either all entries differ from zero or there is a unique 
io with /3i = 0. According to these cases, we put further conditions and define: 

(i) if all entries /3q, • ■ • ,Pr differ from zero and there is at most one i\ with 



hici > L then we set 




J = Ci 

. ,771, 
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(ii) if ft io = is the unique zero entry of ft and there is at most one i\ with 
i\ 7^ io and ij lCj > 1, then we set 




J = Ci, 

3 <k> 



deg(<5 ( 



C,P) 



$c,p(Sk) ■= for k = 1, ...,m. 

These assignments define A'o-homogeneous primitive locally nilpotent derivations 
8 c ,p : R(A, P ) ->. R(A, P ) of degree 

- Efc deg(T fcc J, in case (i), 

\(r - 1> - J2k^ dc g( T fccJ, in case (ii). 

Proof. The assignments (i) and (ii) on the variables define a priori derivations of 
the polynomial ring K[Tij,Sk\- Recall from 13. ll that R(A, Pq) is the quotient of 
K[Tij, Sk) by the ideal generated by all 

rph 1 rph 2 rpH§ 

gi = dct *i '2 t 3 

0>i 1 u^ 2 &i 3 

where / = 12^3)- Since the vector ft lies in the row space of [ao, ■ • ■ ,a r ], wc 
see that 5c, p sends every trinomial gi to zero and thus descends to a well defined 
derivation of R(A,P ). 

We check that 8c, p is homogeneous. Obviously, every 8c,p(Tij) is a A -homogeneous 
element of K[Xy . Moreover, with the degree n of the relations gi , we have 



deg(«5 c , /3 (^))-dcg(T y ) 



J r M - Efe de g( T fecJ, in case (i), 

\{r- 1)M - Efc^ d cg(TfecJ, in case (ii). 

In particular, the left hand side does not depend on We conclude that 8c, p 

is homogeneous of degree dcg(Sc,p(Tij j) — deg(Ty). 

For primitivity, we have to show that the degree of 8c, p does not lie in the weight 
cone of R(A,P ). We exemplarily treat case (i). As seen before, the degree of 8c, p 
is represented by the vector 



luen + . . . + > l r ~e r j e IT 



vc,p ■= -eoc + 4l i e ii + • • • + 7 j irje r j 

Thus, we look for a linear form on Q™ separating this vector from the orthant 
cone(ey ) and vanishing along the kernel of Q™ —¥ (Kq)q, i.e. the linear subspace 
spanned by the columns of Pq. For example, we may take 

^0c o e 0c + ^lci e lci + • • ■ + Kc r e rc T - 

Finally, we show that 8c, p is locally nilpotent. If Zj Cj = 1 holds for all i, then 
8c,p{Tij) is a product of variables from the kernel of 8c, p and thus 8 C p annihilates 
all generators. If Iq Cq > 1 holds, then we have 

Sc,p( T 0c o ) = 0, 8 c ,p{T iCi ) = T °°°~%, 

where i > 1 and hi lies in the kernel of 8c, p- Putting all together, we obtain that 
8q"^ +1 annihilates all generators and thus 8c, p is locally nilpotent. □ 

Theorem 4.3. Let 8: R(A, Pq) —> R{A, Pq) be a nontrivial primitive KQ-homogeneous 
locally nilpotent derivation. 

(i) If 8 is of vertical type, then 8{Tij) = holds for all i,j and there is a fco 
such that S(Sk ) does not depend on Sk a andd(Sk) = holds for all k ^ ko- 

(ii) If 8 is of horizontal type, then we have 8 = h8c,p, where 8c, p is as m[ 
and h £ Ker (8c,p) holds. 
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In the proof of this theorem we will make frequently use of the following facts; 
the statements of the first Lemma occur in Freudcnburg's book, see [SJ Principles 1, 
5 and 7, Corollary 1.20]. 

Lemma 4.4. Let R be an integral K-algebra, 8: R — > R a locally nilpotent derivation 
and let /, g 6 R. 

(i) If fg E Ker (8) holds, then f,g£ Ker (8) holds. 

(ii) If 8(f) = fg holds, then 8(f) = holds. 

(hi) The derivation f8 is locally nilpotent if and only if f £ Ker (8) holds. 

(iv) If 9 | 8(f) and f | 8(g), then 8(f) = or 8(g) = 0. 

Lemma 4.5. Let 8: R(A, Pq) — > R(A,Pq) be a primitive Ko-homogeneous deriva- 
tion induced by a K -homogeneous derivation 8: K[Tjj,Sy — > K[Ty, Sk] ■ Then 
8(gj) = holds for all relations <?/. 

Proof. Clearly, we have 8(a) C a for the ideal a C K[Ty , Sy generated by the gj. 
Recall that all gi are of the same degree By primitivity, deg(<5) = deg(<5) is not in 
the weight cone. Thus, K[Ti 3 -] +deg /g\ D a = {0} holds. This implies S(gi) = 0. □ 

Proof of Theorem\4^ Suppose that 8 is of vertical type. Then 8(T-* /T l s s ) = 
holds for any two < i < s < r. By the Leibniz rule, this implies 

S(Tt)T 1 / = Tt8(T l s °). 

We conclude that T^ divides 8(T-*) and T 1 / divides 8(T l s °). By Lemma 03] (ii), 
this implies S(T-*) = S(T l s °) = 0. Using Lemma WM (i), we obtain S(T qj ) = for all 
variables Xy. Since 8 is nontrivial, we should have 8(Sk ) ^ at least for one fco- 
Consider the basis = dcg(Sfc) of Z m , where fc = 1, . . . , m, and write 

m 

dcg(<5) = u/ + ^6fcefc, where w' <E Kq and bk € Z. 
fc=i 

Then deg(8(S ko )) = w' + J2k^k b k^k + (bk + l)efc„. By Lemma WM the variable 
Sk docs not divide 8(Sk ). This and the condition 8(Sk„) ^ imply bk„ = — 1 
and &fc > for fc ^ ko. This proves that <5(<Sfe) = for all k ^ ko and 8(Sk ) is 
A'o-homogcncous and does not depend on Sk - 

Now suppose that 8 is of horizontal type. Then there exists a variable Tj 3 with 
8(Tij) ^ 0. Write 

771 

deg(*(T <3 -)) = deg(Ty) + w' + ^6 fc e fc . 

k=l 

Then all coefficients b^ are nonnegative and consequently we obtain 8(Sk) = for 
fc = 1, . . . , m. 

We show that for any T? 4 there is at most one variable Tj 3 with 8(Tij) =/= 0. 
Assume that we find two different j, fc with 5(Xi 3 ) ^ and 8(Tik) 7^ 0. Note that 
we have 

f|V i3 ), e R(A,P Q )^ +dcg{S) . 

By Proposition 13.51 the component of degree \x + deg(<5) is of dimension one. Thus, 
the above two terms differ by a nontrivial scalar and we see that T\l h divides the 
second term. Consequently, must divide 8(Tik) which contradicts 14.41 (ii). 

A second step is to see that for any two variables Ti 3 and T ks with 8(Tij) 7^ 
and S(Tk s ) 7^ we must have Uj = 1 or Iks = 1- Otherwise, we see as before 
that &rl i fdT ij 5{T ij ) and dT l k k / dT ks 8(T ks ) differ by a nonzero scalar. Thus, we 
conclude 8(Tij) = fTks and 8(Tk s ) = hTij, a contradiction to 14.41 (iv). 
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Finally, we prove the assertion. As already seen, for every < k < r there is at 
most one Ck with 8(Tk Ck ) ^ 0. Let C {0, . . . , r} denote the set of all k admitting 
such a Ck- From Proposition 13.51 we infer R(A, -P) M +dcg((5) = with some nonzero 
element /. We claim that 

f)T lk f)T lk 

f = h Ilm-> ^) - n lh 

kesi° lkck kea\{i} kCk 

hold with a homogeneous element h G R(A,P) and scalars /3 ,...,f3 r G K. In- 
deed, similar to the previous arguments, the first equation follows from fact that all 
q rph J QTkc k 5 (Tfccfc ) are nonzero elements of the same degree as / and hence each 
dT l k k /dTkc k must divide /. The second equation is clear then. 

The vector /3 := (/3q, . . . , f3 r ) lies in the row space of the matrix A. To see 
this, consider the lift of 8 to K[Tij, Sk] defined by the second equation and apply 
Lemma [4.51 Now let C = (cq, ■ ■ ■ ,c r ) be any sequence completing the Ck, where 
k G Then we have 8 = h8c,p- The fact that h belongs to the kernel of 8c, p 
follows from Lemma WM □ 

Example 4.6 (The ^-singular cubic III). Situation as in l3.3l The locally nilpotent 
primitive homogeneous derivations of R{A, Pq) of the form 8c, p are the following 

(i) C = (1, 1, 1) and j3 = {Pq, 0, — /?o). Here we have deg(8c,p) = (3, 0) and 

8cAT i) = 2/3 T 21 , 8cAT 21 ) = -/3 T 3 2 , fc,^(T 02 ) = fc^(Tn) = 0. 

(ii) C — (1, 1, 1) and (3 = (fio, — Po,0). Here we have deg(8c,/3) = (3, 1) and 
ScAToi) = 3/30^, ScATu) = -/?oT 3 2 , fc,^(T 02 ) = 5cA T n) = °- 

The general locally nilpotent primitive homogeneous derivation i5 of R(A, Po) has 
the form hSc,/3 with h G Ker (8c, p), and 

deg(S) = dcg(h) + dcg(8 c ,p) i to. 

In the above case (i), the only possibilities for deg(h) are deg(h) = (k, k) or deg(h) = 
(k, k) + (0, 2) and thus we have 

8 = T k 2 8 c ,p or 8 = T&TuSc.p. 

In the above case (ii), the only possibility for deg(h) is deg(h) = (k, k) and thus we 
obtain 

5 = T k 2 S c ,p. 

5. Demazure roots 

Here we present and prove the main result, Theorem 15.41 It describes the root 
system of the automorphism group of a rational complete normal variety X coming 
with an effective torus action T x X — > X of complexity one in terms of the defining 
matrix P of the Cox ring TZ(X) = R(A, P), see Construction ^ . 101 and Theorem l3.11l 
We will assume that R(A, P) is minimally presented in the sense that there occur 
no linear monomials in the defining relations gi; this can always be achieved by 
omitting redundant generators. 



Definition 5.1. Let P be a matrix as in Construction 13.71 Denote by Vij,Vk G 
N = Z r+S the columns of P and by M the dual lattice of N. 

(i) A vertical Demazure P-root is a tuple (u, ko) with a linear form u G M 
and an index 1 < fco < m satisfying 

(u, Vij) > for all i, j, 
(u,Vk) > for all k ^ k , 
(u,v ko ) = -1. 
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(ii) A horizontal Demazure P-root is a tuple (u, io, ii, C), where u G M is a 
linear form, i$ ^ i\ arc indices with < io, ii < r, and C — (co, ■ • ■ , c r ) is 
a sequence with 1 < Cj < n,j such that 

(u,v iCi ) = 



(u,Vij) > 



(u,v k ) 



> 




We define the Z s -part of a Demazure P-root (u, ko) or (u, io, ii, C) to be the tuple 
of the last s coordinates of the linear form u G M = Z r+S . 

Example 5.2 (The ^-singular cubic IV). As earlier, let r = 2, no = 2, ?ii = ri2 = 
1, m = 0, s = 1 and consider the data 

" -1 -3 3 



.4 



-1 1 
-1 



P 



-1-3 2 

-1-2 11 

There are no vertical Demazure P- roots because of m — 0. There is a horizontal 
Demazure P-root k = (it, io, ii, C) given by 

u = (-1,-2,3), i = 1, k = 2, C = (1,1,1). 

A direct computation shows that this is the only one. The Z s -part of k is the third 
coordinate of the linear form u, i.e. it is M3 = 3 G Z = 71/ . 

Note that the Demazure P-roots are certain Demazure roots Section 3.1] of 
the fan with the rays through the columns of P as its maximal cones. In particular, 
there are only finitely many Demazure P-roots. For computing them explicitly, the 
following presentation is helpful. 

Remark 5.3. The Demazure P-roots are the lattice points of certain polytopes 
in Mq. For an explicit description, we encode the defining conditions as a lattice 
vector C G Z n+m and an affine subspacc n C Mq: 

(i) For any index 1 < ko < m define a lattice vector £ = G Z" +m and 
an affine subspace r\ C Mq by 

Cij ■= for all ( k := for all k ^ k , ( ko := -1, 

rj := {u' G Mq; (u',v ko ) = -1} C Mq. 
Then the vertical Demazure P-roots k = (u, ko) are given by the lattice 
points u of the polytope 

P(fc ) := W G n- P*u' > (} C Mq. 

(ii) Given io 7^ i\ with < io,i\ < r and C = (cq, . . . 
such that ij Ci = 1 holds for all i ^ io,i\, set 



with 1 < Cj < ni 



ij, i ^ io, h, 3 i= c i 



J 



for 1 < I < m. 



-1, i = h, 
else, 

n := {v! G Mq; (u',v iC( ) = for i 7^ i ,h, (u', v ilCii ) = -1, }. 

Then the horizontal Demazure P-roots n = (u, io,*i,C) are given by the 
lattice points u of the polytope 

B(io,ii,C) := {u ery, P*u>C} c 
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In order to state and prove the main result, let us briefly recall the necessary 
concepts from the theory of linear algebraic groups G. One considers the adjoint 
representation of the torus T on the Lie algebra Lic(G), i.e. the tangent represen- 
tation at eo of the T-action on G given by conjugation (t, g) i— > tgt~ x . There is a 
unique T-invariant splitting Lic(G) = Lie(T) © n, where n is spanned by nilpotent 
vectors, and one has a bijection 

I-PASGt(G) -» {T-eigerivectors of n}, A i-> A(l). 

Here I-PASGt(G) denotes the set of one parameter additive subgroups A: G a — > G 
normalized by T and A denotes the differential. A root of G with respect to T is 
an eigenvalue of the T-representation on n, that means a character \ £ X(T) with 
t ■ v = x(t) v f° r some T-eigenvector ^ w 6 n. 

Theorem 5.4. Let X be a nontoric normal complete rational variety with min- 
imally presented Cox ring IZ(X) = R(A,P), and a complexity one torus action 
TxI->I as in Construction [XTOl 

(i) The automorphism group Aut(A) is a linear algebraic group with maximal 
torus T . 

(ii) Under the canonical identification X(T) = If , the roots of Aut(A) with 
respect to T are the Z s -parts of the Demazure P -roots. 

The rest of the section is devoted to the proof. We will have to deal with the 
Kq- and .KT-degrees of functions and derivations. It might be helpful to recall the 
relations between the gradings from Remark 13.91 The following simple facts will be 
frequently used. 

Lemma 5.5. In the setting of Constructions [3A\ and \57^ consider the polynomial 
ring WL[Tij,Sk] with the K^-grading and the coarser K -grading. 

(i) For a monomial h — Y[ T^f J Y\ S k k with exponent vector e = (ey,efc), the 
Kq- and K-degrees are given as 

deg^oC 1 ) = <2o(e), deg K (h) = Q(e). 

(ii) A monomial h G K.[Tij,Sk] is of K -degree zero if and only if there is an 
u 6 M with 

h = h u : = n T r (u)ij ipr (M)fc - ir 11 s 

(hi) Let 6 be a derivation on K[T^ , Sk] sending the generators Tij, Sk to mono- 
mials. The S is K -homogeneous of K -degree zero if and only if 

degtfCZ^CTtf)) = A CgK (S^8{S k )) = holds for all i,j,k. 

If ^ 6 is Ko-homogeneous, then deg K (S) = holds if and only if one of 
the T^ 1 S(Tij) and S'^ 1 S(Sk) is nontrivial of K- degree zero. 

As a first step towards the roots of the automorphism group Aut(X), we now 
associate ifo-homogeneous locally nilpotent derivations of R(A, P) to the Demazure 
P-roots. 

Construction 5.6. Let A and P be as in Construction 13.71 For u g M and the 

lattice vector £ £ %n+m Q £ Remark 15,31 consider the monomials 

h u = 1 [•/;;•" \[S' . Ir : = \[r \[s; 

i,j k i,j k 

According to the vertical and the horizontal case, we associate to any Demazure 
P-root k a locally nilpotent derivation S K of R(A,P). If K = (it, ko) is vertical, set 

<y„(2V) := OforalH,j, S K {S k ) := 



S ka h u , k = k , 
0, k ^ ko- 
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If k = (u, io,ii,C) is horizontal, then there is a unique vector /3 in the row space 
of A with /3j = 0, Pi ± = 1 and we set 

In all cases, the derivation 6 K is A -homogeneous; its A -degree is the Z s -part of k 
and the A-degree is zero: 

deg Ko (S K ) = Q (P*(u)), deg K (5 K ) = 0. 

Proof. In the vertical case 5 K (Sk ) does not depend on Sk and in the horizontal 
case the factors before 6c, p in the definitions of 5 K are contained in Ker (6c, p). 
Thus, the derivations 5 K are locally nilpotent. Clearly, the 6 K are Ao-homogeneous. 
By Lemma \5. 51 the monomial h u is of Ao-degree Qq(P* (u)). In the vertical case, 
this implies directly that 6 K is of -Ko-degree Q (P*(u)). In the horizontal case, we 
use Lemma 15.51 and the the degree computation of Construction 14.21 to see that 
and 6c, p have the same A -degree. Thus 6 K is of Ao-degree Qo(P*(u)). Since 
P*(u) £ Ker (Q) holds, we obtain that all 6 K are of A-degree Q(P*(u)) =0. □ 

Proposition 5.7. Consider a minimally presented algebra R(A, P) with its fine Kq- 
grading and the coarser K -grading and let 6 be a Kg-homogeneous locally nilpotent 
derivation of K -degree zero on R(A,P). 

(i) If 6 is of vertical type, then there is an index I < k$ < m such that 6 is a 
linear combination of derivations 6 Kt with Demazure P-roots n t = (ut, ko). 

(ii) If 6 is of horizontal type, then are indices < io,ii < r and a sequence 
C = (cq, • . . , c r ) such that 6 is a linear combination of derivations 6 Kt with 
Demazure P-roots K t = (u t ,io,ii,C). 

Lemma 5.8. Let 6 be a nontrivial Kg-homogeneous locally nilpotent derivation on 
a minimally presented algebra R(A, P) and let r > 2. If 6 is of K -degree zero, then 
6 is primitive with respect to the K^-grading. 

Proof. We have to show that the -Ko-degree w of <5 does not lie in the weight cone 
of the -Ko-grading. First observe that ai/0 holds: otherwise Corollary 13.61 yields 
that 6 annihilates all generators and Sk, a contradiction to 5 ^ 0. Now assume 
that w lies in the weight cone of the -Ko-grading. Then, for some d > 0, we find a 
nonzero / G R(A, P)dw The -K-degree of / equals zero and thus / is constant, a 
contradiction. □ 

Proof of Proposition \577\ First assume that 6 is vertical. Lemma l5.8l tclls us that 6 
is primitive with respect to the -Ko-grading. According to Theorem 14.31 there is an 
index I < ko < m and an element h £ R(A, P) represented by a polynomial only 
depending on variables from ker(J) such that we have 

6(T tJ ) = OforalHi, 6(S k ) = for all k ^ k , 6(S ko ) = hS ko . 



Clearly, h is A'o-homogeneous of -K-degree zero. Lemma [5.51 shows that the mono- 
mials of h are of the form h u with u £ M. The fact that the monomials h u Sk 
do not depend on Sk and have nonnegative exponents yield the inequalities of a 
vertical Demazure P-root for each (u,k ). Consequently, 6 is a linear combination 
of deriviations arising from vertical Demazure P-roots. 

We turn to the case that 6 is horizontal. Again by Lemma l5.8l our <5 is primitive 
with respect to the Ao-grading and by Theorem 14.31 it has the form h6c,/3 for some 
Ao-homogeneous h £ ker(<5c , j ^). By construction, 6c, p is induced by a homogeneous 
derivation of K[Tjj , Sk] having the same Ao- and A-degrees; we denote this lifted 
derivation again by 6c, p- Similarly, h is represented by a polynomial in ~K\Tij,Sk\ 
which we again denote by h. 
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We show that any monomial of ft depends only on variables from ker(Jp^). 
Indeed, suppose that there occurs a monomial T^ft.' with 8c,p(Tij) ^ in ft. Then, 
using the fact that 8 is of A-degree zero, we obtain 

dcg(Ty) = deg(<y(r <3 -)) = dcg^O + dcg^O + deg^c^m,)). 

This implies dcg(h') + dcg(8c,p(Tij)) — 0; a contradiction to the fact that the 
weight cone of the A-grading contains no lines. This proves the claim. Thus, we 
may assume that the polynomial ft, is a monomial. 

The next step is to see that it is sufficient to take derivations 8c, with a vector f3 
in the row space having one zero coordinate. Consider a general /3, that means one 
with only nonvanishing coordinates. By construction, the row space of A contains 
unique vectors /?° and /3 1 with /?§ = f3\ = and f3 = f3° + /3 1 . With these vectors, 
we have 

dT l " dT l% 
h5 c ,p = h—^-S c ^o + h-=—8 c ^i. 

OJ-Oca OJ-lci 



By Construction 14.21 the Ao-dcgrccs and thus the A-degrees of the left hand side 
and of the summands coincide. Moreover, ft, is a monomial in generators from 
ker(5(7„a) and any such generator is annihilated by 8c «o and by (5c,/? 1 too. 

Let e = (ejj,efc) denote the exponent vector of the monomial ft. According to 
Lemma 15.51 the condition that the ( A -homogeneous) derivation 8 has A'-degree 
zero is equivalent to the fact that the monomial 

Trlh ScA T ilCii ) = T^T^ \\, s \[s, I,. J[ 

.... "J-lCi 

3=F c i 

has the form ft" for some linear form u € M. Taking into account that the exponents 
eij and are nonnegative, we see that these conditions are equivalent to equalities 
and inequalities in the definition of a horizontal Demazure P-root. □ 

We recall the correspondence between locally nilpotent derivations and one pa- 
rameter additive subgroups. Consider any integral affinc K-algcbra R, where K is 
an algebraically closed field of characteristic zero. Every locally nilpotent derivation 
8: A — > R gives rise to a rational representation qs : G a —> Aut(A) of the additive 
group G a of the field K via 

Qs (t)(f) := exp(tS)(f) := £ ^ *"(/)• 

d=0 

This sets up a bijection between the locally nilpotent derivations of R and the ra- 
tional representations of G a by automorphisms of R. The representation associated 
to a locally nilpotent derivation 8: R R gives rise to a one parameter additive 
subgroup (1-PASG) of the automorphism group of A := Spec A: 

A,5:G a ->■ Aut(A), t Spec(g s (t)). 

Now suppose that R is graded by some finitely generated abelian group Kq and 
consider the associated action of Ho := Spec IK [Ao] on A = Speci?. We relate ho- 
mogeneity of locally nilpotent derivation 8 to properties of the associated subgroup 
Us :=X 5 (G a ) of Aut(A). 

Lemma 5.9. In the above setting, let 8 be a locally nilpotent derivation on R. The 
following statements are equivalent. 

(i) The derivation 8 is Ko-homogeneous. 

(ii) One has hllgh^ 1 — Us for all ft G H . 
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Moreover, if one of these two statements holds, then the degree w := dcg(<5) G A' 
is uniquely determined by the property 

hgsit)^ 1 = Q S ( X w (h)t) for all h e H Q . 

Proof of Theorem \5.4\ Assertion (i) is clear by Corollary 12.41 the fact that X is 
nontoric. We prove (ii). Consider R(A, P) with its fine A -grading and the coarser 
A-grading. The quasitori H := SpecK[A ] and H := SpecK[A] act effectively on 
X = Spec R(A, P). We view Hq and H as subgroups of Aut(A). For any locally 
nilpotent deriviation S on R(A,P) and Us = \s(G a ), Lemma T5.9I gives 

S is Ao-homogeneous hllgh^ 1 = Us for all h G Hq, 

S is A- homogeneous of degree huhr 1 = u for all h G H, u G U§. 

Recall that X arises as X = X //H for an open ff -i nvar i an t set X C X. Moreover, 
the action of T = Hq/H on X is the induced one, i.e. it makes the quotient map 
p: X — > X equivariant. Set for short 

G := CAut(X,iJ)°, G := Aut(A) . 

Denote by 1-PASG^ (G) and I-PASGt(G) the one parameter additive subgroups 
normalized by H and T respectively. Moreover, let LND(A(A, P)) denote the A- 
homogeneous locally nilpotent derivations of A-degree zero and LND# (A(A, P))o 
the subset of Ao-homogeneous ones. Then we arrive at a commutative diagram 

LND Ko (A(A,P)) c LKD(R(A,P)) 



l-PASG Ho (G) c l-PASG(G) 

p. 

I-PASGt(G) c l-PASG(G) 

Construction 15 .61 associates an element 6 K G LNDk (R(A, P))q to any Dcmazure 
P-root k. Going downwards the left hand side of the above diagram, the latter 
turns into an element A K G I-PASGt(G). Differentiation gives the T-eigenvector 
A K (1) G Lie(G) having as its associated root the unique character \ of T satisfying 

tX^tr 1 = X K (x(t)z) for all t G T, z G K. 

Remark 13.91 and Lemma 15.91 show that under the identification X(T) = If the 
character \ is j us t the Z s -part of the Demazure P-root n. Proposition 15.71 tells 
us that any element of LNDk (R(A, P))o is linear combination of derivations S K 
arising from Demazure P-roots. Moreover, by Corollary 12.71 the push forward 
maps l-PASG_Ho(G) onto 1-PASG T (G). We conclude that Lie(G) is generated by 
Lie(T) and A K (1), where K runs through the P-Demazure roots. Assertion (ii) 
follows. □ 

Corollary 5.10 (of proof). Let X be a nontoric normal complete rational variety 
with a torus action TxX->I of complexity one arising according to Construc- 
tion \3.l0\ from R{A, P) by a good quotient p: X —> X . Then every Demazure P-root 
k induces a one parameter subgroup A K = p*A^ K : G a — > Aut(A) and Aut(A) is 
generated by T and the images A K (G a ). 

Example 5.11 (The AVsingular cubic V). Let A and P as in Example 15.21 From 
there we infer that R(A, P) admits precisely one horizontal Demazure P-root. For 
the automorphism group of the corresponding surface X this means that Aut(A) 
is the semidirect product of K* and G a twisted via the weight 3, see again I5~2l In 
particular, the surface X is quasihomogeneous. Finally, in this case, one can show 
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directly that the group of graded automorphisms of R(A, P) is connected. Thus, 
Theorem 12.11 yields that Aut(X) is connected. 

6. Almost homogeneous surfaces 

A variety is almost homogeneous if its automorphism group acts with an open 
orbit. We take a closer look to this case with a special emphasis on almost homoge- 
neous rational K*-surfaces of Picard number one. First let us see how they fit into 
the class of almost homogeneous Mori dream surfaces. 

Proposition 6.1. Let X be an almost homogeneous Mori dream surface. Then one 
of the following statements holds: 

(i) X is toric, i.e an equivariant compactification of K* x K*, 

(ii) Aut(X) has K* as its maximal torus, 
(hi) Aut(X) is unipotent. 

Proof. According to Theorem 12.11 the automorphism group Aut(A) is a linear al- 
gebraic group. Let T C Aut(A) be a maximal torus. Then the cases (i), (ii) and 
(iii) correspond to the cases dim(T) = 2,1,0. □ 

The following statement characterizes the almost homogeneous varieties coming 
with a torus action of complexity one in arbitrary dimension. 

Theorem 6.2. Let X be a nontoric normal complete rational variety with a torus 
action T x X — > X of complexity one and Cox ring TZ(X) = R{A,P). Then the 
following statements are equivalent. 

(i) The variety X is almost homogeneous. 

(ii) There exists a horizontal Demazure P-root. 

Moreover, if one of these statements holds, and R(A, P) is minimally presented, 
then the number r — 1 of relations of R{A, P) is bounded by 

r - 1 < dim(A) + rk(Cl(A)) - m - 2. 

Proof. If (i) holds, then Aut(A) acts with an open orbit on X. According to 
Corollarv l5.101 there must be a Demazure P-root k such that the semidircct product 
T x acts with an open orbit on X, where U = p*(S K (G a )) is one-dimensional 
unipotent subgroup of Aut(A) associated to k. Since U acts nontrivially on the 
field K(A) T of T-invariant functions, the Demazure P-root must be horizontal. 

Conversely, if (ii) holds, then take a horizontal Demazure P-root k. The associ- 
ated one-dimensional unipotent subgroup U = p*(S K (G a )) of Aut(A) acts nontriv- 
ially on the field K(X) T of T-invariant functions and thus T x U acts with an open 
orbit on X. 

For the supplement, recall first that R(A, P) is a complete intersection with r — 1 
necessary relations and thus we have 

n + m-{r-l) = dim(P(A,P)) = dim(X) + rk (C\(X)). 

Now observe that any relation gj involving only three variables prevents existence of 
a horizontal Demazure P-root. Consequently, by suitably arranging the relations, 
we have no, n\ > 1 and m > 2 for all i > 2. Thus, n > 2 + 2(r — 1) holds and the 
assertion follows. □ 

We specialize to dimension two. Any normal complete rational K*-surface X 
is determined by its Cox ring and thus is given up to isomorphism by the defining 
data A and P of the ring 1Z(X) = R(A, P); we also say that the K*-surface X arises 
from A and P and refer to [H Sec. 3.3] for more background. A first step towards 
the almost homogeneous X is to determine possible horizontal Demazure P-roots 
in the following setting. 
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Proposition 6.3. Consider integers Iq2 > 1, hi > hi > 2 and doi, d Q 2, du, 
d,2i such that the following matrix has pairwise different primitive columns gener- 



ating Q 3 as a convex cone: 



P 



-1 
-1 
doi 



-I02 hi 
-I02 hi 

do2 du C?21 



Moreover, assume that P is positive in the sense that det(Poi) > holds, where Pqi 
is the 3x3 matrix obtained from P by deleting the first column. Then the possible 
horizontal Demazure P -roots are 



(i) k = {u, 1, 2, (1, 1, 1)), where u = (doifJ, + ^j^ 1 
teger fi satisfying 



hi 



hi | d 2 in + 1, 



'02 



< 



< 



hi 



(ii) ifh2 = 1: K 

with an integer [L satisfying 

hi | d 2 in + 1, 



^02 — ^02^01 hidn + hid2i + doihihi 

(u, 1, 2, (2, 1, 1)), w/jere u = (rf 02 M + i ^ 2 )^ i , 



/n 



^21^11 + ^11^21 + do2hih 



< 



< 



1 



(iii) k=(u,2,1,(1,1,1)), u;Aere«= (-^±i , d iM + ^f 1 , /«) 
ieger /i satisfying 



doi — do2 

with an in- 



u | dun + 1, 



'02 



202 



^02^01 



< 



/' 



< 



(iv) i/ /q2 = 1: k = (it, 2, 1, (2, 1, 1)), where u 
with an integer /i satisfying 

hi 



hidn + hid2i + doi^n^2i 
d 2V 



in 



hi 'V 



hi I dufi + 1, 



^21^11 + ^11^21 + ^02^11^21 



< M < 



1 



02 



Proof. In the situation of (i), evaluating the general linear form u = (iti, u 2 , u 3 ) on 
the columns of P gives the following conditions for a Demazure P-root: 

-Ul - U 2 + U 3 d l = 0, M 2 ^21 + "3^21 = -1, 

-U1Z02 - "2^02 + "3^02 > I02, uihi + u 3 dn > 0. 

Resolving the equations for m, u 2 and plugging the result into the inequalities gives 
the desired roots with /j, := 113. The other cases are treated analogously. □ 

Corollary 6.4. The nontoric almost homogeneous normal complete rational K*- 
surfaces X of Picard number one are precisely the ones arising from data 



A 



-1 1 

1 -1 





-1 


— k)2 


hi 





p = 


-1 


— k)2 





hi 




dm 


d 2 


du 


d 2 i 



as in 1 6. 3\ allowing an integer /i according to one of the Conditions 
In particular, the Cox ring of X is given as 

^02 1 T^ll 1 T^21 



(i) to (iv). 



K{X) 



K[T 01 ,r 2,Tii,r 21 ] / (Toiler +T[f +T£) 



with the grading by Z 4 /im(P*). Moreover, the anticanonical divisor of X is ample, 
i.e. X is a del Pezzo surface. 
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Proof. As any surface with finitely generated Cox ring, X is (Q-factorial. Since X has 
Picard number one, the divisor class group C\(X) is of rank one. Now take a minimal 
presentation 1Z(X) — R(A,P) of the Cox ring. Then, according to Theorem 16.21 
we have exactly one relation in R(A, P) and thus P is a 3 x 4 matrix. Moreover, 
Theorem 16.21 savs that there is a horizontal Dcmazurc P-root. Consequently, one 
of the exponents Zoi and Z02 must equal one, say ?oi- Fixing a suitable order for the 
last two variables we ensure In > £21- Passing to the K*-action t -1 • x instead of 
t ■ x if necessary, we achieve that P is positive in the sense of 16.31 

Let us see why X is a del Pezzo surface. Denote by Pij the matrix obtained from 
P by deleting the column uy. Then, in C\(X)° = Z, the factor group of C1(X) by 
the torsion part, the weights w®j of arc given up to a factor a as 

(ttfgi.iwgjj, = a(det(Poi),-det(Po2),det(P u ),-det(P 2 i)). 

According to [U Prop. III. 3.4.1], the class of the anticanonical divisor in C1(X)° is 
given as the sum over all minus the degree of the relation. The inequalities on 
the lij , dij implied by the existence of an integer fj, as in 16.31 (i) to (iv) show that 
the anticanonical class is positive (note that a rules out). □ 

We turn to the case of precisely one singular point. The previously diophantic 
aspect in the condition on existence of Demazure P-roots then disappears: no 
divisibility condition remains. 

Construction 6.5 (K*-surfaces with one singularity). Consider a triple (lo,h,l 2 ) 
of integers satisfying the following conditions: 

k > 1, h > h > 2, l < hl 2 , gcd(ii,i 2 ) = 1. 

Let (di,d 2 ) be the (unique) pair of integers with d\l 2 + d 2 l± = —1 and < d 2 < l 2 
and consider the data 

" -1 -l h 

P = 



A = 



-1 1 

1 -1 



-1 -lo l 2 
1 di d 2 



Then the associated ring R(lo,h,l 2 ) := R(A,P) is graded by Z 4 /im(P*) = Z, and 
is explicitly given by 

R(l ,h,l 2 ) = K[T 1 ,T 2 ,P 3 ,r 4 ]/(PiP2 +r3 1 +Pi 2 ), 
deg(T!) = hl 2 - 1 , deg(T 2 ) = l, deg(T 3 ) = l 2 , deg(T 4 ) = k. 

Proposition 6.6. For the W -surface X = X(lo,h,l 2 ) with Cox ring R(Iq,Ii,1 2 ), 
the following statements hold: 

(i) X is nontoric and we have Cl(X) = Z, 

(ii) X comes with precisely one singularity, 

(iii) X is a del Pezzo surface if and only if Iq < Zi + l 2 + 1 holds, 

(iv) X is almost homogeneous if and only if Iq < h holds. 

Moreover, any normal complete rational nontoric K* -surface of Picard number one 
with precisely one singularity is isomorphic to some X(Iq,Ii,1 2 ). 

Proof. First note that X = X(lo,li,l 2 ) is obtained as in Construction 13.101 the 
group Hx = K* acts on K 4 by 

t-z = {t hl2 ~ k 'z 1 ,tz 2 ,t l2 z 3 ,t h z 4 ), 

the total coordinate space X := V{TiTl° + T3 1 + P4 2 ) is invariant under this action 
and we have 

X = X\{Q}, X = X/K*. 

Thus, C1(A) = Z holds and, since the Cox ring TZ(X) = R(Iq,Ii,1 2 ) is not a 
polynomial ring, X is nontoric. 
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Using [T| Prop. III. 3. 1.5], wc now determine the singularities of X. The local 
divisor class group of the image [1,0,0,0] £ I of the point (1,0,0,0) € X under 
the quotient map X — >• X is given by 

C\(X, [1,0,0,0]) = 1/{hh-h)1. 

This group is nontrivial and thus [1,0,0,0] is singular. All other local divisor class 
groups of X are trivial. Since moreover, all the singular points of X lie in the orbit 
K* ■ (1, 0, 0, 0), we conclude that [1, 0, 0,0] £ X is the only singular point. 

According to [TJ Prop. III. 3. 4.1], the anticanonical class of X is l\ + I2 + 1 — lo- 
This proves (iii). Finally, for (iv), we infer from Proposition 16.31 that /1 = l\ gives 
the desired Demazure P-root. 

We come to the supplement. The surface X arises from a ring R(A, P), where 
we may assume that R(A, P) is minimally presented. The first task is to show that 
n = 4, m = and r — 2 holds. We have 

n + m-(r-l) = dim(A) + rk (C1(A)) = 3. 

Any relation <?/ involving only three variables gives rise to a singularity in the source 
and a singularity in the sink of the K*-action. We conclude that at most two of the 
monomials occuring in the relations may depend only on one variable. Thus, the 
above equation shows n — 4, m = and r — 2. 

We may assume that the defining equation is of the form Tq^Tq^ +T l l \ 1 + T 2 ^. 
Again, since one of the two elliptic fixed points must be smooth, we can conclude 
that one of loj equals one, say l i ■ Now it is a direct consequence of the description 
of the local divisor class groups given in pQ Prop. III. 3. 1.5] that a K*-surface with 
precisely one singularity arises from a matrix P as in the assertion. □ 

Now we look at the log terminal ones of the X(Jo, h, h)', recall that a singularity is 
log terminal if all its resolutions have discrepancies bigger than —1. Over C, the log 
terminal surface singularities are precisely the quotient singularities by subgroups 
of Gl2(C). The Gorenstein index of X is the minimal positive integer i{X) such 
that i{X) times the canonical divisor K-x is Cartier. 

Corollary 6.7. Assume that X = X(li,l2,ls) is log terminal. Then we have the 
following three cases: 

(i) the surface X is almost homogeneous, 

(ii) the singularity of X is of type Ey, 

(iii) the singularity of X is of type Eg . 

Moreover, for the almost homogenoeus surfaces X = X(Ji, I2, 13) of Gorenstein index 
i{X) = a, we have 

(i) (Jo, l\, h) = (1, h, h) with the bounds I2 < h < 2a 2 + 

(ii) (Iq, l\, 1 2) = (2, l\, 2) with the bound l\ < 3a + 2, 

(iii) (l , h,h) = (3, 3, 2), (2, 4, 3), (2, 5, 3), (3, 5, 2). 

Proof. The condition that X is log terminal means that the number ^o^i^2 is bounded 
by + this can be seen by explicitly performing the canonical resolution 

of singularities of X(l , h, I2), see [HI Sec. 3]. Thus, the allowed (lo,h,h) must be 
platonic triples and we are left with 

(l,h,h), (2,h,2), (3,3,2), (2,4,3), (2,5,3), (3,5,2), (4,3,2), (5,3,2). 

The last two give the surfaces with singularities Ej, Eg and in all other cases, 
the resulting surface is almost homogeneous by Proposition 16.61 The Gorenstein 
condition says that afCx lies in the Picard group. According to [TJ Cor. III. 3. 1.6], 
this is equivalent to the fact that I1I2 — lo divides a ■ (li + Z2 + 1 — 'o)- The bounds 
then follow by elementary estimations. □ 
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Corollary 6.8. The following tables lists the triples (loihih) together with roots 
of Aut(X) for the log terminal almost homogeneous complete rational K* -surfaces 
X = X(lo,li,l2) with precisely one singularity up to Gorenstein index i(X) = 5. 



t(X) = 


1 


i(X) = 2 


t(X) = 


3 


(1,3,2) 


{1,2,3} 


(1,7,3): {1,3,4,7} 


(2,7,2) : 


{2,3,5,7} 


(2,3,2) 


{2,3} 




(1,13,4) 


: {1,4,5,9,13} 


(3,3,2) 


{3} 




(1,8,5) : 


{3,5,8} 



i(X) = 


4 


<X) = 


5 


(2,5,2): 


{2,3,5} 


(2,11,2) 


: {2,3,5,7,9,11} 


(1,21,5) 


: {1,5,6,11,16,21} 


(1,13,7) 


: {2,6,13} 






(2,4,3): 


{3,4} 






(1,17,3) 


: {2,3,5,8,11,14,17} 






(1,31,6) 


: {1,6,7,13,19,25,31} 






(1,18,7) 


: {4, 7, 11, 18} 
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